W10 - Notes

Series tests: strategy tips

Videos

Videos, Math Dr. Bob

Series test round-up: Part I

Series test round-up: Part IT

Series test round-up: Part ITT

Videos, Trefor Bazett

How to choose a series convergence test

01 Theory

It can help to associate certain “strategy tips” to find convergence tests based on certain
patterns.

~2n+1
Use the SDT because we see the highest power is the same (= 1) in numerator and

denominator.

Sy

3n3 +4n? 4+ 2

n=1

Use the LCT because we have a rational or algebraic function (positive terms).

s 2
E ne "

n=1

Use the IT because we do not have a rational/algebraic function, and we do not see
factorials.
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00 2
> (-1
— n*+1

Use the AST because it’s alternating. Then use the LCT (to find absolute convergence)
because its a rational function.

—_

n=

Use the RaT because we see a factorial. (In case of alternating + factorial, use RaT first.)

= 1
257

n=1

Use the LCT or DCT comparing to 3% because we see similarity to 3% (recognize

geometric).

Power series: Radius and Interval

Videos, Math Dr. Bob

Power series: Interval and Radius of Convergence
Power series: Interval of Convergence Using Ratio Test

Further example

Power series: Interval of Convergence Using Root Test

Power series: Finding the Center

A power series looks like this:
f(z) = ag+ a1z +axx® +azzd +---

Power series are used to build and study functions. They allow a uniform “modeling
framework” in which many functions can be described and compared. Power series are also
convenient for computers because they provide a way to store and evaluate differentiable

functions with numerical (approximate) values.

[\ Small z needed for power series
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The most important fact about power series is that they work for small values of x.

Many power series diverge for |z| too big; but even when they converge, for big |z| they

converge more slowly, and partial sum approximations are less accurate.

The idea of a power series is a modification of the idea of a geometric series in which the
common ratio r becomes a variable z, and each term has an additional coefficient parameter a,

controlling the relative contribution of different orders.

Every power series has a radius of convergence and an interval of convergence.

Consider a power series centered at z = 0:

f(x)-=-ao + a1z + asz® +azz® + - --

Apply the ratio test:
n+1 h "
lim |27 s <1im Gnit ) o] = L
n—00 a,T" n—oo | Gy
Define the radius of convergence R € [0, oo]: VR
N bl <
lim,, o |2t <D
1l ¢ R
Therefore:

|z <R = converges

|zl >R = diverges

We can build shifted power series for z near some other value c. Just replace the variable z

with a shifted variableu =z — c:

a0+a1u+a2u2+a3u3+---

>> (10+a1(113—C)—|—a2(:1}—c)2+a3(;p_c)3+...

Ja-c

Now apply the ratio test to determine convergence:

anpi|z — " an+1

an

lim
n—00

> (lim
aglz —c|™ n—c0

Define the radius of convergence R € [0, ool
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1

3 Ani1
lim,, o

an

In the shifted setting, the radius of convergence limits the distance from :

|z —¢] <R = converges

|z —¢c] >R =  diverges

Method:
To calculate the interval of convergence of a power series, follow these steps:

Observe the center c of the shifted series (or ¢ = 0 for no shift).

Compute R using the limit of coefficient ratios.

Write down the preliminary interval (¢ — R, ¢+ R).

Plug each endpoint, ¢ — R and ¢ — R, into the original series
Check for convergence

Add in the convergent endpoints. (4 possible scenarios.)

04 Illustration

‘= Example - Radius of convergence

Find the radius of convergence of the series: n=o e
any) _ |2 _§)
CV b)) =7 2 ]
"= 2" = (2n)! Z(W‘u =
2 A 00 o raffer
= fmeore) X’ — o \V,\/m x
Solution
S0 L =0 ¢ , andd
A~ 4
) (2 = _ | =00 nkeol  (->,)
a) Ratio of terms: . = | = L—[ = 2l>/ /
( ) / " — / [ 2 2

$n+1
1/2n+1 %

1 Nnarea o
o >> /2 lz|  >> 5|m| = Sl = &

2n E =2 because

1=l <2

=2 J;_(xl <

Therefore R = 2 and the series converges for |z| < 2.

(b) This power series skips the odd powers. Apply the ratio test to just the even powers:
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w2n+2
(2n +2)! (2n)! %
e >> Gardentnea)
(2n)!
1
>> ||

(2n+2)(2n+1)

>>»> R=o

:= Example - Interval of convergence

80 n
(x-3)
2%
| 2] et o)y
. . . . . -l Tl
Find the radius and interval of convergence of the following series: ‘ o ‘“Jib sl =L
Therefore : need %30 <1
00 n =) n.n - el pakewed + (2, 4)
z—3 —3)"x R=t, ¢
(a) E ( ) (b) E ( ) Chece eadpbs s (280 S
= n = \/nJrl @x=1: Z Tt LG com by AST
o Z%—'=Z‘ dv. by e=l
Solution ! "
Faal  wheevel s T = |(2,1)
o0 n .
@y & £ i | BT
n ,.Z Jnel | o7z (3]« |
n=1 o
= LE},/ "_i_bg/ﬂ = L
(1) Apply ratio test: Meerefore - | R= '3
3lxl el =) conv | . ,
N = div. ‘ prelom. ,,17‘.=(~/;/ %)
1 ,
(z — 3)"* Check m% sesin g0y
n ’ 9
— | >> |z — 3| @xly SN w
(z—3) n+1 o T 22 oo
—_— AST
n el mleriel o (envtperce

[P
T= -3, "%

Therefore R = 1 and thus:

|t —3|<1 = converges
e —3|>1 = diverges

Preliminary interval: z € (2,4).

(2) Check endpoints:

Check endpoint z = 2:

SUO=UF o e

n=1
>> converges by AST

Check endpoint z = 4:

>>  diverges as p-series
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Final interval of convergence: z € [2,4)

n=0

(1) Apply ratio test:

v/ =3)(=3)" 1
(=3)"z vnt2 o [(=3)"
vn+1

3vn+1

s> BTy
vn+2
Therefore:
1
|z| < 3 =  converges

x| >

—>  diverges

. : 11
Preliminary interval: z € <_§’ E)

(2) Check endpoints:

Check endpoint z = —1/3:

o (=3-(-3))" =1
Z 1 >z nZ:O\/nJrl

n=>0 n+

>>  diverges by LCT with b, = 1/+/n
Check endpoint z = +1/3:

(=1~
n=0 n+ ]. n=0 n+

gk
5
o
ic_h:
=
V
\/
Mg

>> converges by AST

Final interval of convergence: z € ( -1/3,1/ 3]

iZ! Exercise - Radius and interval

Find the radius and interval of convergence of the following series:
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< < | "L e WS
(a)zoa"n (b)zonmn [atwr (= Tar T {5 %
n=| n—

(
‘ﬂ,«erepwe: |x(=0 Conv. R=0
od ,x" |xl >0 div. T = §°F
(,or'y.\ure: E Tl_
A=0

ol
W ; ;M/: —L‘/)(( — Ofx[/=L =0 A,Poq?' X

N
Go R= 00

= & /—Dﬂ/*-“dj

:= Interval of convergence - further examples

Find the interval of convergence of the following series.

@ oy
Solution

@) N

Ratio of terms:

n+1 3n+1
3n+2 ’

1
—|z+2 >> 3 |z + 2|

Therefore R = 3 and the preliminary interval is z € (—5,1).

'fl
Check endpoints: Z AT 1) diverges and Z also diverges.

Final interval is (—5,1).

o0 4 n
(b) Z w
n=1

Ratio of terms:

Lier1 >> 4o+ 1]
Therefore:

[4z+1] <1 <= |z+1/4/<1/4 = converges
[4z+1]>1 << |z+1/4>1/4 = diverges

Preliminary interval: z em (-'~, 0 )

(4-5-+1)n

Check endpoints: Z -

1 ..
converges but Z — diverges.
n

Final interval of convergence: [—1/2,0)

Power series as functions

7116

i "

2 s

n

Y

n=l

<l

ane
7
LH)(*I)" '_ } J—l wxw) > | =L

14xl wp b/

Yxef el => teav awey from /
}ux«/[w = dw T
=1 ~_1

<Yl < g R= /"’/ e=-"4

Pr? N Mkﬁvﬁé' x e (- %, 0)
CL*-U& EAJ/ULS
. [(20) — ,_( conv.
A R

@x=0: Zi'-q deiv. by pr=1

Famol mtecval : 2, 0)
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Videos

Videos, Math Dr. Bob

Power series functions: Derivative/Antiderivative - Basics

Power series functions: Derivative/Antiderivative - Interval of Convergence

Power series functions: Derivative/Antiderivative - More examples

Power series functions: Geometric Power Series

05 Theory

Given a numerical value for z within the interval of convergence of a power series, the series

sum may be considered as the output f(z) of a function f.
Many techniques from algebra and calculus can be applied to such power series functions.

Addition and Subtraction:

f = ao+ a1z + azz® +azz® + - --
g = by + b1z + by’ + bsz’ + - --

f+g = (ag+by) + (ar +bi)z+ (az +by) x> + -
Summation notation:
o0 o0 o0
Z a,z" + Z b,xz" = Z(an +b,)z"
n=0 n=0 n=0

Scaling:
cf = cag+ (car) x + (cas) x® + - -

Summation notation:

o0 o0
c Z a,z" = Z(can) z"
n=0 n=>0

Multiplication:

f-g=(ao—l—al:c—l—azwz—l—-‘-)-(bo+b1w+b2w2+--~)

= aobo + (a0b1 -+ albo) T+ (a0b2 + a1b1 + CLQbo) .’132 + -

For example, suppose that the geometric power series f(z) =1+ + 22 + 2% + - --

converges, so |z| < 1. Then we have for its square: T~ =

- %

fof = f@) = @tetadt ) (Qtatait)  do ) )
1+Q+Dz+1+1+1)z2+--- e
= 1422 +3z2+4z3+---

o0

Sener = 2o
= dx

;ﬁi%ﬂ
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Composition:
f(-z) =1l-z+z* -2 +2*—--.
f(2z) = 1+223 + (22%)% + - --
= 1+223+42°+82° + - -
Assume:
o0
f=a+az+axi+asz®+.. = Zanw"
n=0
Then:
Differentiation:
4 a1+ (2a2) x + (3a3) z®> +--- = ina "t
dz e "
Antidifferentiation:
a a X, a
/f(w)d:c = C+a0x+71m2+?2:1:3+-~- = C’+Z n_:la:”“

For example, for the geometric series we have:
f=1+z+2®+23+a2 +-..

d
d—f: 142z +322+423 +52%+---
XL

1 1 1
/fda:: C+m+§w2+§m3+zw4+---

Do the series created with sums, products, derivatives etc., all converge? On what interval?

For the algebraic operations, the resulting power series will converge wherever both of the

original series converge.

For calculus operations, the radius is preserved, but the endpoints are not necessarily:

Power series calculus - Radius preserved

If the power series f(z) has radius of convergence R, then the power series f/(z) and
J f dz also have the same radius of convergence R.

/\ Power series calculus - Endpoints not preserved

9/16



W10 - Notes

eﬂﬂm/olé’

It is possible that a power series f(z) converges at an endpoint a of its interval of
convergence, yet f' and [ fdz do not converge at a.

Suppose f(z) has radius of convergence R:
an+1wn+1

1
- |ac|—>§\x\ as n— 00

a
>> ’————

n

Consider now the derivative f' and its successive-term ratios:

(n+ ay,1z™ ’ B <n—|—1)

napz"! n

n—o0 1 1 _ 1
'|$| — : R '|w|__ R '|$|

An+1
an

Consider now the antiderivative [ fdz and its successive-term ratios:

(Z)anz™| _(
N (n+1)'

(D
In both these cases the ratio test provides that the series converges when |z| < R.

: Tl =z ==
g R

Qan

An—1

06 Illustration

‘= Example - Geometric series: algebra meets calculus

Consider the geometric series as a power series functions:

1

= l+z+z®+23+--
1-=z

Take the derivative of both sides of the function:

d [ 1 . 1 . 1\’

dr \1—=z (1—=z)2 1-—=
This means f satisfies the identity:

f’ _ f2
Now compute the derivative of the series:
d
2 3 C3 2 3
l+z+x"+z°+--- >> 142¢+3z"+42”+---
On the other hand, compute the square of the series:
Q+z+2>+2°+---)° >> 1+22+32°+4a3+ -

So we find that the same relationship holds, namely f' = f2, for the closed formula and

the series formula for this function.
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Led )
q4 =§'x

s
T
e . . . . | = > « X £ +t X .. <
:= Example - Manipulating geometric series: algebra ’; = It n=o

zj_ RO+ Z /*"')L |-

" S Z/—u”f“
Find power series that represent the following functions: - B

/ |_—}I——:‘) - Ivﬁ"}y:a’;i‘fv't e //,,,,,,————""""”/777777 T . S % { T—l?"/)
1 1 @ 3z, e _
e < d _3 T ) s T B
O Ome Yonm 99wt S5 ~rfer-in
— — 3 - (—é)) -
Solution I O O R S L o= D3 _x f(«‘)"- 1:
1= . 3‘7/‘45(5«,., —ali- () z & 2
= | -x+ex - X ~ M/’_LL.II*S
@ -Fer =
14z = , .,
Z(1-3+%-Z.. )

Rewrite in format B e

l+z 1-—(-=z)
Choose u = —z. Plug into geometric series:

1 2 3
1—u

1 2
T - 14 (—z) + (—x)? + (—z)* + -

> l-z4+az?2—z3+---

Therefore:
1 Z
=l-z+a?-2+... =
1+z
1
b
(b) T2
Rewrite in format Tluz
11
1+22  1—(—z?)
Choose u = —z2. Plug into geometric series:
1
=1l+utui+ud+..
1—u
= 14 () + (<) (o) 4
- (29

>> 1—z?42* —a2f+...

Therefore:

=1-22+z*—25+... - Z’

1+
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3
z

© — 2
Rewrite in format Az® - -

3 1

3
>> s —— >> A
z+2 2+zx
>> L. 1 > L
27 1tz 2
Choose u = —%. Here Ax® = %ac?’. Plug into geometric series:
1

—— = 1l+utu+ud 4
1—u

s> 1-tp4 iy S+
27T 4" T 8"
Therefore:
x3 5 1
5 >> e m
: =9
_—
1 1 1 1 2 .
>> 5:133—2.’344-5.’135—%5136—9—'“ — ‘
3x
d
@ 2 — bz
Rewrite in format Az - ﬁ:
3x S 3 1
2-5 P9 5
1
>> 3z - —— >> —x -
2(1-32) 2 -

Choose u = 3. Here Az = 3. Plug into geometric series:

;71+ 2 3
vt+u +u 4
1—u

>> 14 2a+ 224 2By
— X —X ! ...
2" 4 8

Therefore:

12/16
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3z > Em 1
2 bz 2" 1B
s> oy B MBus 304,
2 4 8 16

:= Example - Manipulating geometric series: calculus

Find a power series that represents In(1 + z).
Solution
(1) Differentiate to obtain similarity to geometric sum formula.

Differentiate In(1 + z):

L ) = — >>
2 - - -
dz YT 1t s 1-(—=)

(2) Find power series of differentiated function.

Power series by modifying ﬁ with u = —x:

1

m=1—$+$2—$3+$4—"'

(3) Integrate series to find original function.

Integrate both sides:

1
/mdw:/l—m+w2—w3+m4—---d1‘

1

1 1
1n(1+m):D+w—§x2+—w3—zm4+---

3
Use known point to solve for D:
In14+0)=D+0+0+--- >> 0=D
Final answer:

1 1 1
ln(l—l—w):m—5w2+§w3—zw4+m

‘= Example - Recognizing and manipulating geometric series: Part I

13/16
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Wokee L= jesrx®-
oy d Inl1+>) = F]?’ - ‘;'
"
dx = gw x
E,’__d, = ff(«y"ﬂ”o’i
|+x n=e
3_1
-+ Z'a %n;,,: cex-Z+57
- = ali+x]
C =0
e f:r vy knowA lue, (ne x=O
by 9 _eLot
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2 .3
==X -X T,

= 1 =
(a) Evaluate Z(—l)”’lz. ﬁlﬂ(f"' =
n=1

v _ 3
ST e =g

c=o

(Hint: consider the series of In(1 — z).) ©
Lalt=>1 = 2%1

(b) Find a series approximation for In(2/3). pley *=7
La(i-->) = 2 B~

nei

Solution

(a)
(1) We know the series of %:

-1
1—=x

= (14+z+2’+--)=-1-—-z—2®—...

Notice that [ = dz = In(1 — z) + C; this is the desired function when C = 0.

1-z

Integrate the series term-by-term:

-1
/ dm:/717w7w27--~dw
1—=x

> ln(l—m):D—m—% ______

Solve for D using In(1 —0) =0,s00 =D —0—0—--- and thus D = 0. So:

(2) Notice the formula:

The series formula > ;7 ; — £ looks similar to the formula Y o0, (—1)" 1L,

(3) Choose £ = —1 to recreate the desired series:

We obtain equality by setting z = —1 because —(—1)" = (—1)"" = (-1)""1.

Final answer is In(1 — —1) =In2.

(b)
Find a series approximation for In(2/3):
(1) Observe that In(2/3) = In(1 — 1/3).

Therefore we can use the seriesIn(1 —z) = -z — & — & — ...
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(2) Plug z = 1/3 into the series for In(1 — z).

Plug in and simplify:

In(2/3) =In(1-1/3)=-1/3 - —— — ——— — ...

‘= Example - Recognizing and manipulating geometric series: Part 11

(a) Find a series representing tan~!(z) using differentiation.

. . . d
(b) Find a series representing / T
14zt
Solution
(@
: d - 1
(1) Notice that -tan™"(z) = -
Obtain the series for .
T
Let u = —z2:
1 2
—— >» ——=l+tutu’t
1+ 22 1—u

>> 1—z? 42— +28—-..

1

T by terms.

(2) Integrate the series for

Set up the strategy. We know:

1 -1
/1+m2 dz =tan (z)+C

and:

1
1+ x2

=1-2?+z* -2 +2%—-..

Integrate the series term-by-term:

>> /17w2+w47w6+w87---da:
>> D+ a:3+a:5 w7+
m—_ — —— — . e
3 5 7
Conclude:
z2  z2® 2T
tan™! C=D+z——+=——"—+...
an " (z) + +x 3 + 3 -+

15/16
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R
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J=er -]

[

R 3 L5
Lan'(x) = + Xz =
=>

@x== get
e
Px=t 9et:
=

q

(
ool

= |-
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-
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0
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=
R N
3T 77 7

Ir
NL e é)flrz ge«u

2n+l



W10 - Notes

(3) Solve for D — C by testing at tan~!(0) = 0.

Plug in:
tan1(0) = D—C+0+---+0
>>»> D-C=0
Final answer: tan!(z) =z — & + Z° — Z 4 ...
(b)

(1) Find a series representing the integrand.

Integrand is
& 1+ x4

Rewrite integrand in format of geometric series sum:

1 1
> — > =
1+at 1—(-z) 1—u’
Write the series:
1 2 3
——=14u+u"+u>+---
1—u
o0
>>» l-zi+28—2242%—... = Z(_l)”w‘“‘
n=0

(2) Integrate the series by terms:

5 9 13 17
/1—m4+m8—m12+w16—---dw >> C+m—%+%—%+%—
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