W04 - Notes
Arc length

Videos

Videos, Math Dr. Bob:

Formula for Arc Length 01: Theory and catenary

Formula for Arc Length 02: Curve given by integral

Formula for Arc Length 03: Reverse engineering

Arc Length of Parabola 01: Base case
Arc Length of Parabola 02: Sinh formula
Arc Length of Parabola 03: Log formula

Videos, Khan Academy:

Arc length integration example

01 Theory

The total arc length of a curve is just the length of the curve.

The ‘arc length’ (not “total”) is a quantity measuring the length “as you go along,” usually given as a
function of the points on the curve. It measures the length from some starting point ‘up to’ the given

point.

We can use calculus to calculate the arc length of many curves. If the curve is the graph of a
function, and we know the function and its derivative (whether from a formula or a data table), we
can use integration to find the arc length.

The arc length s of the graph of f(z) over z € [a, ] is:

s:lb\/l—i— (f’(w))zd:c

(This formula applies when f'(z) exists and is continuous on [a, b].)

The arc length function s(z) of the graph of f(z), starting from z = q, is:

s(z) = /: \/1+ (f’(t))th


af://h1-0
af://h2-1
af://h3-2
https://www.youtube.com/watch?v=QwSjeXfZ5FI
https://www.youtube.com/watch?v=4FLhCZ7yso0
https://www.youtube.com/watch?v=viYUInk-Y3k&ab_channel=MathDoctorBob
https://www.youtube.com/watch?v=otd8DwxXOKU&ab_channel=MathDoctorBob
https://www.youtube.com/watch?v=zJK-hXriV6I&ab_channel=MathDoctorBob
https://www.youtube.com/watch?v=n907KIXCAoU&ab_channel=MathDoctorBob
https://www.youtube.com/watch?v=MtRXjXdXDow&ab_channel=KhanAcademy
af://h3-4

The arc-length integral is the limit of Riemann sums that add the lengths of straight line

segments whose endpoints lie on the curve, and which together approximate the curve.

a=ux, Xy X, b=x3 a=x, X Xy X3 Xy b=xs

N=3 N=35 N=10

We can approximate the vertical Ay using the derivative:

~ Way g
Ay~d$Amff(z)Aw

Considering infinitesimals in the limit, we have Az — dz (horizontal side) and Ay — dy = f'dz

(vertical side). The Pythagorean Theorem gives:

ds = \/dz? + dy?

which we can simplify using dy = f’ dz:

> dz? + (f'dz)? >> 1+ (f')2 dz

The integral of these infinitesimals gives the arc length:

s(a):/oads:/\/l—i-(f’)de

‘= Example - Arc length calculation

Find the length of the curve y = Inz for 1 < z < +/3:


af://h3-6
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Solution
(1) Set up arc length formula:

First note that dy/dz = 1/z. Then:

b a
L= / Vit () dz  >> /x/ﬁ
a 0
b 2 V3 1 2
L = / V14 (f) de >> / 1+<;> dz
a 1
\/§ $2+1 \/3 \/$2+1
>> ——dz >> ———dz
1 €z 1 T

(2) Integrate using trig substitution:

Observe vz2 + 1. Choose z = tan § and therefore dz = sec? 6 d6.

V3 . /3 3 Sian2
/ x—“ de >> / ’ te;n—%Jrl (8602 0) do
1 z Ed an

/3 39 /3 9
>> / A >> / 7 (1 + tan®6) df
x4 tan@ x4 tand

/3 /3
>> / cscf+tanfsecfdfd >> In|csch— cotl| + sechd

/4 /4
2 1
>> ln—_——‘+2—ln|\/§—1|—\/§
VIV
3(v2+1
> ln<%)+2—x/§

:= Example - Arc length tricky algebra



@4 Arc length - tricky algebra
Find the arc length of the curve y = %4 + 4—i2 for z € [1,2].

(Hint: expand under the root, then simplify, then factor; now it’s a square and the root

disappears.)

(1) Integral formula for arclength:

S - /ab\/lJr(f’(:c))zd:n

(2) Calculate, Simplify the integrand:

1, 1
1 1
>> f,(CB) = 5.’33*51‘_3
"2 1 6 -6
> (f) :Z(:c -2+z7°)
"2 1 6 -6
>> 1+(f)° = Z(:c +2+z7°)

Therefore, the integrand is:

1
1+ ()2 >>» —z¥+ -2

(3) Integrate:

1 1
S >> /—a:3+ 2 %dz

2 2
LR R
>> Sx 4m )
S 9 1 1 1
16 8 4
33
>> =—

16



Arc length of hanging chain

Surface areas of revolutions - thin bands

Videos, Math Dr. Bob

Area of a Surface of Revolution: Derivation, cylinder, cone, sphere

The infinitesimal of arc length along a curve, ds, can be used to find the surface area of a surface of
revolution. The circumference of an infinitesimal band is 27 R and the width of such a band is ds.

| £

The general formula for the surface area is:
b
S = / 2rRds

In any given problem we need to find the appropriate expressions for R and ds in terms of the
variable of integration. For regions rotated around the z-axis, the variable will be z; for regions

rotated about the y-axis it will be y.

Assuming the region is rotated around the z-axis, and the cross section in the zy-plane is the graph

of f and so R = f(z), the formula above becomes:

The surface area S of the surface of revolution given by R = f(z) is given by the formula:

S = /ab 27rf(x)\/1 + (f’)2d:L'

In this formula, we assume f(z) > 0 and f’ is continuous. The surface is the revolution of f(z)

on z € [a,b] around the z-axis.


af://h2-9
af://h3-10
https://www.youtube.com/watch?v=m8Ut9oiVVmU
af://h3-12
af://h3-14

‘= Example - Surface area of a sphere
Using the fact that a sphere is given by revolving a semicircle, verify the formula S = 4xr? for
the surface area of a sphere.
Solution
(1) Describe sphere as surface of revolution:

Upper semicircle:

As function of z:

(2) Surface area formula:

S:/ab27rf(m)\/1+ (f)? da

Our bounds are z = —r and z = +r. Function is f(z) = vV/r2 — z2:

+r
S >> / 27r\/r27:c2\/1+(f’)2da:

r

(3) Work out integrand:

Power rule and chain rule:

F@) > 2 -2tV (-2)

> _m(,,,2 _ :E2)_1/2
Therefore:
n?2 x?
) »>
) 2
!
L+(F)" > o=
Integrand:

S 2
VI 11 (1)) >> VE—ay S>> 7

(4) Compute integral:



+r
S >> / 2nr dz

T

¥
>> 2mz| | >> 2nrr — 2mr(—1) S>> 4wt

This is the expected surface area formula: S = 47r2.
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