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Series Convergence
-> an converges means :SN converges

SN = an= gotait … - an

SN =

"

partial sum sequence
of the series

"

s = Ao
ㅇ

S, = a . + 9 ,

S .
= ao t a ,

t 9z

53 = Qotait φut 9,

Su = Qot… + an
:

Lim SuZan
N + D

Geometric SeriesZar=

Sa =dotfa : ;I aorN *")- (r Sn =

N +1

Sn-rSa = do-dor

〜D Sa = - natss
∞



Therefore:IrK)1 => Sn- fr as N- d

Ir() => SN- > I@ ,
DNE as N+&

Geometric Series Test :

Write series as dow" i . e . as geometric
in standard form
ー

Irl < 1 -D converges
Then :

Irk, 1 wD diverges

Moreover:dor when I

Simple Divergence Test

Applicability :

any series

Test : lim On =O =>can diverges
n 1 ∞

AKA : "Not even close" test...

Note : Converse not true: diverges
+を話方 … →∞ "harmonic series"

Ʃ=出店 ←… → n 2 ?fa )

However
,
converse holds for geometric series :

& dow" :
Irk1 was converges AND Moreo

Irk, 1 -D diveges AND dor"- + 0



Examples :(a) Zt (6) ‰
)

器

converge or diverge ??

Solution : (a) an= 0

Thereforeeies diveges by SDT.

(6) + 1
so an "-" +, +, + 1, +,...
i.e. limAn = DNE + 0

Thereforeeres diveges by SDT.

Positive Series i
.

e
.
anso all n

Theory : So is monotone increasing , so by Monotonicity Thm :

~Dan converges 17 So is bounded.

Integra Test

Setup : write f(x) = A

Applicability :1.f is continuous

2. f > 0

33 f is monotone decreasing

Test: an cour/dir. E jofkeldus conv. /div.
ㅣ

≈ don't care about
same convergence

startingloarer haluelfound ! Hot equal values



Examples : (a) In 16)Zenit
Solution :

@ ) f (x ) = ux 1
.

continuous

2
.

f(x) 30 when-

3
.
f decreasing ??

Argument1 : "Both denom factors growing
"

Argument 2 : f'(() =
(xtn>s)(0) - (1((vex + x . ()

(u) lnas)2

= - eaxpco when x 7 "

Hence decreasing when <1 V (know 21

u = lmx

->Test : Saimis dis duztidi Itdn
-ein IdeJe en

= ∞

Therefore diverges .
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(6)th converge or diverge ?

Integral test applicability ? f(x)=tens
1 continuous -

2.. positive- (xall

3 decreasing ?ー

Argument : all 3 denom
. factors are increasing

Argument 2 : differentrate :

f'(x) =
(x4mx,) . 0 - 1 . (1 .813352 + x . 2 . enzs. Ksx)

("(lnx)"

=(ln>s)+ 2 en>
10 When <1 ._

ClnxR

Neg , derivative => decreasing -

Apply IT :

tenic corsdix isatea cour/dir.

Do leqral : euR

{.mpdc= limae ∞
(

.mndenn
="u=,
恐 。fdu

enz

〜D lpe.(- り= thus

~

×고 -×R integral AND Series converge.



p-series

t-diveges for i

\
converges for 1 < p

Example : (9) [t converges

(6) [I diverges

Why ? IT :

S

{
.

品 dx = 当( 器川、

^

)

= linpe∞ (器一器 /

=- it if p3/

= s else



Direct Comparison Test

Applicability : both series positive : anyo
,
610 all n

Test : Suppose And In for all n
. Then :

· I an diverges => on diverges
"smaller pushes up bigger"

· bn converges = an converges

"bigger controls smaller"

Examples : (a)
Notice : (5)" is

converging geometric.

Observe : E(5)" 1 (55)
n

"

an เท
, 됐 (놓)

"

DCT

Therefore : Ibn converges
=> Zan converges

6 ) ~∞ 옳 ( cosul (금리

Notice : ☆ converges ( S.‰ ax = 飛 (皆路 ) = )
Observe : (Cosin) (2) - the 62 0 : cos'n 11

"

An Ön DCT ~D converges



3/니

DCT Examples It'd

¢ ) 끔더 check positive

Notice : n in
"

an
↓'ท

Have[im is e-series with p = 21 -D CONV.

So by DCT : t converges

(d)Zt Check positive

Notice :a
"

don ‰

Have I diverges , 0-series , 1 = 1.

By DCT : It also diverges



Limit Comparison Test

E
. 9 .

① 臨 品 0 - ② 옳 ,

① Try : Noticen = h

Have[in co
.
(0 = 2) "nothing !

② Try : Notice i In
DCT

HaveI div . (1 = 1) => nothing !

Applicability : an >O
,
but all n

Test : o ", L as n - o

aot a ,
t art 9st -

60 + b
,
+ by + 63 +... wD 皆 」 番答 … ; L

IF OLLE ∞ (i
. e . fixte nonzero)

,
then :

_

2 an conv/div.. () [bn conv. /dir.



Examples : from above : 끓의
iult

① 品加 皆湾= 品。 答 ∞ 器→1

So L = 1
,
OC1 > & so by LCT ohcour/div.

Have I conv
. (1 = 2) i . e .Ʃ

3 o by LcT 臨前 converges

② 臨前 〜悲湾 =社早 〜 品、

o L = 1 and OL LL ∞
,
S 0 LCT V

HaveI diverges (p=1).

So by LCT , It also diverges



Example : 플
"

臨節” ~D
an = 臨”

=2感
6
n

= 器
올 롤
ㄻ ← 30
→ → 1 asuw ∞u

zun

EO L = 1
,
OLLC ∞

,
Ʃ din . (☆= % )

Therefore by LCT , Z also divergesa



#AlternatingSeries

言
e
. g .に 計方一当歩 … =π 山

に+高一一社当… = en 2

writesan An> O

Applicability : any alternating series

Test : 1
. Pass SDT : an -O as new

22 doca, 927 da > and ... i. e. decreasing

Then[Gan converges . "erron"

→
Furthermore : IS-Sal < an + 1

"Next Term Error Bound" formula

Examples : (a) 16) cost
√

Solution :(9) an= - 0 as ne

· decreasing ~ (in increasing
=> By AST it converges .

By ASTit16 )

。
。
^

‰:
it '

salterouting':dereany 〜 = 7
coneses



Example : Fact : tank) =x - .

How many
terms needed to approximate t to within 0. 001 ?

Solution : Notice that tan(i)=, so :

π= 4一号 +号一 + 参一 +…+

Apply "Next Term Bound" : find N to get :

an+ 0
.

001 ! because then :

IS-Sn/ < ant < 0
.

001

L_
desired inequality

Set1 <0 .001
2n+ t

∞ 4,000 < 2n + 1

~∞ 2
.
000 -는 < M

u n = 2,000 or larger


