W15 - Examples
Length of the inner loop

Consider the limagon given by r(6) = 4 + cos6.

How long is the inner loop? Set up an integral for this quantity.

Solution
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The inner loop is traced by the moving point when 2% <6< %”. This can be seen from the graph:

Therefore the length of the inner loop is given by this integral:

4m/3
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2m/3

Area between circle and limacon

1 2
(—sinf)2 + (5 +c059> do

ir/3 —
>> / \/5/4+c059d0
2m/3

Find the area of the region enclosed between the circle 7¢(f) = 1 and the limagon 71(0) = 1 + cos 6.

Solution

First draw the region:

The two curves intersect at § = &= 7.. Therefore the area enclosed is given by integrating over —4 < 8 < +
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b 1 /2 1
A:/ —(r2—r2)d)  >> / —((1+cosa)t12) d9
a 2 /2 2

/2 /2
>> % / 2cos6 +cos?0do  >> / cos @ + %(1 + cos(26)) dé
—/2 —/2
. 0 1. /2 ™
>>  sinf+ — + —sin(26) >> 24 —
13 2 1

Area of small loops

Consider the following polar graph of r() = 1 + 2 cos(46):

Find the area of the shaded region.
Solution

Find bounds for one small loop. Lower left loop occurs first. This loop is when 1 + 2 cos(46) < 0.

1+ 2cos(46) <0 >> cos(460) < —%
2m 4 s i
— <46< — — <6< —
>> 3 = =73 >> 6 =V=73
Now set up area integral:
B 1 /3 1 9
A= 4/ 5r(0)2d9 >> 4/ 5(1+2003(4€)) do
a /6

/3
>> 2/ 1 + 4 cos(46) + 4 cos?(46) df
/6

Power-to-frequency conversion: cos? A ~ (1 + cos(24)) with A = 46:

/3 1
>> 2/ 1+ 4cos(46) +4 - 5(1 + cos(86)) db
/6

1 /3 3v/3
>> 66+ 2sin(46) + Zsin(89) > T T\/—
/6

Overlap area of circles

Compute the area of the overlap between crossing circles. For concreteness, suppose one of the circles is given by
r(6) = sin @ and the other is given by r(6) = cos#.
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Solution

Drawing of the overlap:

Notice: total overlap area = 2x area of red region. Bounds for red region: 0 < 8 < Z.

Area formula applied to 7(6) = sin 6:
A1 /4
A= 2/ —r(0)2do  >> 2/ —sin?60do
a 2 0 2
Power-to-frequency: sin”§ ~ 5 (1 — cos(26)):
/4 1
>> 2/0 Z(l — cos(20)) df

/4
>>

PN

2 2
> 20— <sin(20)

oo 3

0

Complex multiplication

Compute the products:
(@ 1-:)(@4—-"1) (b)(2+5i)(2-5i)
Solution
(@) (1 —14)(4-Ti)
Expand:
(L—49)(4—"Ti) >> 4-Ti—4i+7"°
Simplify i2:

> 4-Ti—4i4+7-1) >>» [—-3-11i

(b) (2 + 5¢)(2 — 57)
Expand:

(2+50)(2—5i) >> 4—10i+ 10i — 25¢°
Simplify 42:

> 4-10i+10i—25(-1) >> [29
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Complex division

Compute the following divisions of complex numbers:

1 1 2+ 5
(a) 3114 (b) il () 7 (D -5
Solution
1
L

Conjugate is —3 — i:

1 S —-3—1
—-3+1 -3+t —-3—1
Simplify:
sy ST o (B
9+1 10 10
1
() =
3
Conjugate is —i:
1 1 — .
- > S -— > 1
i i —1i

1
(© Z

Factor out the 1/7:

NI
=

1
—_ >>
Ti

Use 1 = —i:

>> l«(—i) S ¥
7 7

2+ 51
2 -5t

(d)

Denominator conjugate is 2 + 5i:

2+ 5i . 2+5i 2+5i
2 -5 2-5i 2+5i
Simplify:
. 4 + 20i + 2542 L. A . 20 .
4425 20 ' 29
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