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Complex exponential

Videos, Khan Academy

Complex exponential form

A complex number z = z + iy can be represented in the plane as the point with Cartesian
coordinates (z,y). The coefficient of “s” determines the vertical coordinate, and the
coefficient of “1” determines the horizontal coordinate.
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Let us be given a complex number z = a + bi.

The “real part” and “imaginary part” of z can be extracted with designated functions:

Re(z) = a, Im(z) = b, for z=a+ bi
z = Re(z) +Im(z)i

The polar data (radius and angle) have special names and notations for complex numbers:


af://h1-0
af://h2-1
af://h3-2
https://www.youtube.com/watch?v=N0Y8ia57C24&t=586s
af://h3-4
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— ?
r=+/a? + b2 0 =tan '(b/a) + 7
— | - Arg(2)
= “modulus” of z = “argument” of z

Using this notation, we see that product with the conjugate gives square of modulus:

2z = |2]?
02 Theory - cis, Euler, products, powers

Multiplication of complex numbers is much easier to understand when the numbers are

written using polar form.

There is a shorthand ‘cis’ notation. Convert to polar coordinates, so a = rcosf and b = rsin 6

a+bi >> rcosf-+rsinfi
>> r(cos9+isin0)

>>  rcisf

The “cis” stands for cos 6 + i sin 6. For example:

V2-vV2i > 2(%—%2)
>> 2cos(—§)+2sin(—%)i

. s
>>  2cis (fz)

Euler Formula
General Euler Formula:

re” = rcosf+irsiné
On the unit circle r = 1:

e = cos@+isind

The form re? expresses the same data as the cis form. The principal advantage of the form

re® is that it reveals the rule for multiplication, which comes from exponent laws:

Complex multiplication - Exponential form

00 et ()

o801 + 62)

r1€

In words:
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Multiply radii
Add angles

Notice:

multiply by erT = rotate by + 90°

Notice:

ei

I

Therefore ¢ ‘acts upon’ other numbers by rotating them 90° counterclockwise!

De Moivre’s Theorem - Complex powers
In exponential notation:
(reiﬁ)” _ rnei-nﬁ
In cis notation:
(rcisf)" = r"cis (nf)

Expanded cis notation:

(rcosf+irsing)” = r"cos(nf) + ir" sin(nf)

So the power of n acts like this:

Stretch: r to r"

Rotate: by n increments of 6

Recall the power series for e®:

1 1 1 © 1 .
T __ _ il 2 - 3 o S
€ —1+1!:r+2!w g _;:0 ki
Plug in = = i6:
0 . 1 .M\ 2 1 .\ 3
e’ >> 1+(u9)+§(10) +§(zg) A ooodk
Simplify terms:

1 1 1 1 1 1
> 1440 — 502 — i+ =0t —ifd — =5 — —i07 +

3! 4! 5! 6! 7!

—_—N—
Separate by i-factor. Select out the terms with i:
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~ 1 1 1 1 1 1 1
. 27_3 _4 _.57_ 67_.7 -~ 8 .
>> 1440 2!9 3!19 +4!9 +5!10 6!9 7!20 +8!9+

Separate into a series without 7 and a series with i:

1 2 1 4 1 3 1 5 .
>> (1—50 +ZQ —--')+(0—§0 +50—---Z

Identify cos 6 and sin 8i. Write trig series:

_ Lo 1oy
0050—1—50 +E¢9 —

o 1o, 1=
sm0—0—§9 +ag —

Therefore e = cos@ + i sin 6.

:= Example - Complex product, quotient, power using Euler

Define:
2= 2¢'3 w = be
Product zw:

2w S>> (ZGi%)-(5ei§)

S>> (2:5) () (¢'F)  >»> 106 > 1064F
Quotient z/w:
Zw >>  (2F) /(561'%)

s

>> l? s> 2t sy | St
e's 5 5
Power 28:
£ >>  (26F)°
> 28(e)? >» 51267
Notice:
S S S L !
Simplify:

512¢4™  >>  [512
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:= Example - Complex power from Cartesian

Compute (3 + 3i)%.
Solution

First convert to exponential form:

1 1
3+3i >> 3\/5(—4——1‘)
V2 V2

> 3v/2eit

Compute the power:
N4
(3+3i)* >> <3x/§e’f)

> 324 >> 324

Complex roots

Videos

Videos, Trefor Bazett

Finding cube roots: Find cube roots of —1

Videos, Brain Gainz

Finding nth roots: Fourth roots of v/3 — ¢ and cube roots of —8

04 Theory - Roots formula

The exponential notation leads to a formula for a complex n'" root of any complex number:

0

\"/rew = re'n
I\ n distinct roots

Every complex number actually has n distinct nt® roots!

That’s two square roots, three cube roots, four 4 roots, etc.

g All complex roots

0

The complex roots of z = re?’ are given by this formula:
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- (0 2m
wk:%.ez(ﬁ'i'kT) foreach k=0,1,2,...,n—-1

In Cartesian notation:
_ 0 2 0 2
wy, = {/r cos <— + k—ﬂ-> + /7 sin (— + k:—ﬂ-)z
n n n n
In words:

Start with the basic root: {/7 - el
Rotate by increments of 27” to get all other roots

After n distinct roots, this process repeats itself

We must verify that w} = re':

.t (0 + 2mk) i

> 7 > re?el?™ s> re

‘= Example - Finding all 4" roots of 16

Compute all the 4 roots of 16.
Solution
Write 16 = 16e".

Evaluate roots formula:

(16e%)¥ > wy = 167 e/(FHF)
Simplify:

> 26 »>» (2, 2, 2, 2

‘= Example - Finding 2™ roots of 2i

Find both 224 roots of 2s.
Solution

Write 2i = 2¢'%.
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Evaluate roots formula:
T i (”_/2 + k2_7')
(2€Z 2 ) ’ >> wp = \/56 2 Z

s> V2el (F+km)
Compute the options: k =0, 1:

s T . b
>>  V2elt, V2e''s

Convert to rectangular:

e ) A )

>>»> 1+, 11

:= Example - Some roots of unity

Find the 1%t and 2" and 3'd and 4t and 5% and 6% roots of the number 1.

Solution
/ N / N\ /ﬁ N
& N
' 7
\ 4 \ / \4 4
N=1 N=2 N=3
AN
N
(1) 1%

Write 1 = e%. Evaluate roots formula. There is no possible k:

(eo")% >> e >> 1

(2) 2nd
Write 1 = ¢%. Evaluate roots formula in terms of &:
1 4 .
(601) 2 S>> wy = ez(%Jrsz) k=0, 1

Compute the two options, k = 0, 1:
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>> 1L,e"m >> 1, -1

(3) 3rd
Evaluate roots formula in terms of k:
1 )
(em) s> w, = (3 %)

Compute the options: £k =0, 1, 2:

. 2T . 4 1
> 1,€e'7F, e >> 1, = + Ti’ —— = —

(4) 4th
Evaluate roots formula:
(60@')% > wp = e(3HF)

Compute the options: k=0, 1, 2, 3:

1, &F, e ¢ F >> 1,4, -1, —i

(5) 5t
Evaluate roots formula:
(em)% S>> wy = ef(HEE)
Compute the options: k=0, 1, 2, 3, 4:
1, eiZTW, 6'45”, 6‘6;, elgﬁw

Don’t simplify, it’s not feasible.

(6) 6th
Evaluate roots formula:
1 .
(60’) o> wg = eils

Compute the options: k=0, 1, 2, 3, 4, 5:

Simplify:

>> 1,

NI S PR
2 2 2 2
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