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Calculus II - Lecture notes - W10

Series tests: strategy tips

Videos, Math Dr. Bob

Series test round-up: Part I

Series test round-up: Part IT

Series test round-up: Part ITI

Videos, Trefor Bazett

How to choose a series convergence test

It can help to associate certain “strategy tips” to find convergence tests based on certain patterns.

N n—1
Z2n+1

n=1

Use the SDT because we see the highest power is the same (= 1) in numerator and denominator.

575,
“— 3n3 +4n? 42

Use the LCT because we have a rational or algebraic function (positive terms).

o0

—m2
E ne "
n=1

Use the IT because we do not have a rational/algebraic function, and we do not see factorials.
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Use the AST because it’s alternating. Then use the LCT (to find absolute convergence) because its

a rational function.

00 on
2

Use the RaT because we see a factorial. (In case of alternating + factorial, use RaT first.)

=
Z2+3n

n=1

Use the LCT or DCT comparing to % because we see similarity to 3% (recognize geometric).

Power series: Radius and Interval

Videos, Math Dr. Bob

Power series: Interval and Radius of Convergence

Power series: Interval of Convergence Using Ratio Test
Further example

Power series: Interval of Convergence Using Root Test

Power series: Finding the Center

A power series looks like this:
f(z) = ag+ a1z +axz® +azz® +---

Power series are used to build and study functions. They allow a uniform “modeling framework” in
which many functions can be described and compared. Power series are also convenient for computers
because they provide a way to store and evaluate differentiable functions with numerical (approximate)
values.

/N Small z needed for power series

The most important fact about power series is that they work for small values of x.

Many power series diverge for |z| too big; but even when they converge, for big |z| they converge

more slowly, and partial sum approximations are less accurate.

The idea of a power series is a modification of the idea of a geometric series in which the common ratio »
becomes a variable z, and each term has an additional coefficient parameter a,, controlling the relative
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contribution of different orders.

03 Theory

Every power series has a radius of convergence and an interval of convergence.

Consider a power series centered at z = 0:
f(z) = ap + a1z + azz® + azz® + - --

Apply the ratio test:

a .’1:"+1 a
lim it >> < lim ‘ il
n—oo a,

n—oo

i

anpT™

Define the radius of convergence R € [0, o]

1
R =

9 An+1
hmn—>00 “an

Therefore:

|z <R =  converges

el >R = diverges

We can build shifted power series for £ near some other value c. Just replace the variable z with a

shifted variable u =z — ¢:
a0+a1u+a2u2+a3u3+---
>> a0+a1(a:—c)+a2(:c—c)2+a3(;g_c)3+...

Now apply the ratio test to determine convergence:

. Api1|T —C ntl . An+1
lim M >> lim |[—=| )|z —¢|
nooo | aylT —c|® 00| @y
Define the radius of convergence R < [0, oo
1
R = -
lim o | %22 |

In the shifted setting, the radius of convergence limits the distance from :

|z —¢c] <R = converges

|t —c] >R = diverges

Method:
To calculate the interval of convergence of a power series, follow these steps:

Observe the center c of the shifted series (or ¢ = 0 for no shift).

3/16


af://h3-11

Calculus Il - Lecture notes - W10

Compute R using the limit of coefficient ratios.

Write down the preliminary interval (¢ — R, ¢ + R).

Plug each endpoint, ¢ — R and ¢ — R, into the original series
Check for convergence

Add in the convergent endpoints. (4 possible scenarios.)

:= Example - Radius of convergence

Find the radius of convergence of the series:

mZn

© .n 00
= b
() "2:;) oT ( ); 2n)!

Solution

(a) Ratio of terms:

mn+1
ontl 1/2"“‘ 1‘
o >> T 2 >> el
on

Therefore R = 2 and the series converges for |z| < 2.

(b) This power series skips the odd powers. Apply the ratio test to just the even powers:

w2n+2
(2n+2)! (2n)! 2
zn > (2n+2)(2n +1)(2n)! 27|

(2n)!

1

(n+2)@n+1) [2°]

>

>> R=ox

:= Example - Interval of convergence

Find the radius and interval of convergence of the following series:

@)Wy L

n=0 \/TL +1

Solution

@,
n=1

(1) Apply ratio test:
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(z — 3)m+1
ﬁ >> ni -le -3
n
Therefore R = 1 and thus:
|t —3| <1 == converges
|z —3]>1 = diverges

Preliminary interval: z € (2,4).

(2) Check endpoints:

Check endpoint z = 2:

Sl S
n=1

n=1
>> converges by AST

Check endpoint z = 4:

x (4—3)" > 1
2T 7T X

>>  diverges as p-series

Final interval of convergence: z € [2,4)

[ (—3)":13”
®2 ==

(1) Apply ratio test:

(_3)n+1$n+1
—-3)(—3)" 1

NV T R [ W e O
(=3)"z vtz o (=3)7
vn+1

3V 1

N

Therefore:
|z] < = = converges

|z >

—>  diverges

11
Preliminary interval: z € <_§’ 5)

(2) Check endpoints:

5/16



Calculus Il - Lecture notes - W10

Check endpoint z = —1/3:

w
|
|
N—
SN—

3
8

oo (7 . 1
Z _— >>
n=0 n+ 1 n=0 \/’I’L + 1

Check endpoint z = +1/3:

>> converges by AST

Final interval of convergence: z € (—1/3,1/3]

Z! Exercise - Radius and interval

Find the radius and interval of convergence of the following series:

(a) i z" (b) i nlz"
n=0 n=0

‘= Interval of convergence - further examples

Find the interval of convergence of the following series.

@) i n(z +2)" ®) i (4z + 1)"
n=1

3gn+l n
n=>0

Solution

@ M2t
n=0

Ratio of terms:

n+1 3t n+

1
W'T|m+2| >> I |z + 2|

Therefore R = 3 and the preliminary interval is z € (-5, 1).

n(-3)"
3n+1

n(3)"
3n+1

Check endpoints: Z diverges and Z also diverges.

Final interval is (—5,1).

Ratio of terms:
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1
n
ntl el >> 4z + 1|
1 n+1
n

Therefore:

4z +1| <1 <= |z+1/4<1/4 = converges
[dz+1]>1 <= |z+1/4>1/4 =  diverges

Preliminary interval: z € (0,1/2)

-5+ )"

4
Check endpoints: Z (
n

1 ..
converges but Z — diverges.
n

Final interval of convergence: [—1/2,0)

Power series as functions

Videos, Math Dr. Bob

Power series functions: Derivative/Antiderivative - Basics

Power series functions: Derivative/Antiderivative - Interval of Convergence

Power series functions: Derivative/Antiderivative - More examples

Power series functions: Geometric Power Series

Given a numerical value for z within the interval of convergence of a power series, the series sum may

be considered as the output f(z) of a function f.
Many techniques from algebra and calculus can be applied to such power series functions.

Addition and Subtraction:

= a0+alaz+a2w2+a3a}3+-'-
= b0+b1$+b2$2+b3$3+"'

Q@ =
I

f+g = (ao+bo)+ (a1 +bi1)z+ (az +ba)z® + -+~

Summation notation:

o0 o0 o0
Z anx” + Z b = Z(an + by)z"
n=0 n=0

n=0
Scaling:
cf = cag+ (car) z + (cas) 2> + -

Summation notation:

o0 o0
c Z apz” = Z(can) z"
n=0

n=>0
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Multiplication:

f-g:(a0+a1m+a2m2+-~-)~(b0+b1:c+b2w2+~-~)

= agbg = (a0b1 I albg) T+ (a0b2 ol a1b1 ar azbg) iBQ S ooc

For example, suppose that the geometric power series f(z) = 1 + z 4+ z2 + 2% + - - - converges, so
|z| < 1. Then we have for its square:

f-f=fx?=QQ+z+22+--) - QL+z+z>+-.)
1+ (1+1z+ (1+1+1)z?+---
= 1+4+2z+3z% +423+---

o0
= Z(n + 1)z"
n=0
Composition:
fl—z) = 1—2z+a?—23+2* —- ..
f2z®) = 14223 + (2232 + .-
= 1+22° +42° + 82 +---
Assume:
o0
f= ao+ a1z + asz? tasz® +--- = Zanx"
n=0
Then:
Differentiation:
df 2 N n—1
9 - ay + (2a5)  + (3a3) z* +--- Znancn
n=1
Antidifferentiation:
/f(m)da: = Ctaet+ g2 82434 ... = C+§:a—":c"“
0" 3 n+1

For example, for the geometric series we have:
f=14zc+2?+a3+24+.-.

d
d—f: 1+2z+3z%+42° + 52 +---
T

1 1 1
/fdm: C+m+5m2+§m3+zx4+-~

Do the series created with sums, products, derivatives etc., all converge? On what interval?

For the algebraic operations, the resulting power series will converge wherever both of the original

series converge.
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For calculus operations, the radius is preserved, but the endpoinis are not necessarily:

Power series calculus - Radius preserved

If the power series f(z) has radius of convergence R, then the power series f'(z) and [ fdz also

have the same radius of convergence R.

!\ Power series calculus - Endpoints not preserved

It is possible that a power series f(z) converges at and endpoint a of its interval of convergence, yet

f' and [ fdz do not converge at a.

Suppose f(z) has radius of convergence R:

An+1 1
— \a:|*>§\:c| as n — 0o

n

Consider now the derivative f’ and its ratios of successive terms:

==

Consider instead the antiderivative [ fdz and its ratios of successive terms:

n—00 1 1
dol 5 1L p= e

(n'+'1)an+1$"

na,z"1

An+1

Qn

1 n+1

——)a,x 1 1
("YI)" :( : ) 2z 1L el = 5 Jal
(;)an,lw" n+1 an—1 R R

In both these cases the ratio test provides that the series converges when |z| < R.

‘= Example - Geometric series: algebra meets calculus

Consider the geometric series as a power series functions:

1

= 14zt+z2+2°+--
1-=z

Take the derivative of both sides of the function:

i L >> # >> L ’
dec \1—=z (1—=x)? 1-z

This means f satisfies the identity:

Now compute the derivative of the series:

.
1+z+a4+z8+--- >>dz>> 14224322+ 42 +---

On the other hand, compute the square of the series:

2
(l+z+z’+2°+--)" >> 1+20+32° +42+. -
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So we find that the same relationship holds, namely f' = f2, for the closed formula and the series

formula for this function.

;= Example - Manipulating geometric series: algebra

Find power series that represent the following functions:

1 1 z® 3z
@77z Oz O D5
Solution
@ 7 =

(1) Rewrite in format ﬁ

Introduce double negative:

Choose u = —=z.

(2) Plug u = —z into geometric series.

Geometric series in u:

T+utu?+u 4+

) Pluginu = —z:

>> 1+ (—z) + (—z)2 + (—z)3 + -

(4) Simplify:

>> l—z+az?2—2%+-..

(5) Final answer:

1
1+z

=l-z+z>—23+-.-

1

® e

. . 1
(1) Rewrite in format —.

Rewrite:
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11
1+z?2 1-—(-=z?)

Choose u = —z2.

(2) Plug u = —z? into geometric series.
Geometric series in u:
1+utu?+ud+-.
Plugin u = —z2:
> 1+ (—2) + (—2?)* + (-z%)° +---

> 1-az?+zt—20+--.

(3) Final answer:

1
—— =1-al a2t a2+
1+z
3
x
(c) po
. . 1
(1) Rewrite in format Az3 - .
Rewrite:
z3 g 1 . 1
>> e — >> z’ s —
T+ 2 2+ 2 (1 + %)
>> L > 3 -
a2 =
2" T3 = 3)
Choose u = —%. Here Az® = 1.
(2) Plug u = —z? into geometric series.

Geometric series in u:

1+utu?+u®+-.

Pluginu = —3:
>»  1+(-2)+(-%)°+(-%)°+
>3 1-2zt o’ 1o
2 4 8
Obtain:
=1-—z+-—2’— —z*+-
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(3) Multiply by %a:?’.

Distribute:
13 1 15 1,4 14 6
2" 1o () A R A S T
Final answer:
3
2 1.4 14 5 6
2t2 2% T3 TR Tt T
3z
d
() 2 — bz
. . 1
(1) Rewrite in format Az - 1.
Rewrite:
32 > 3g.—1
2—-5 2 — b5z
1 3 1
>> 3z ——— > —x-
20~ %) T E

Choose u = 57“” Here Az = %m

(2) Plug u = 3¢ into geometric series.
Geometric series in u:

1+u+u?+ud+---
2z,

Plugin u = 5

>3 1+ (3)+ ()24 (32)3 4

S>> 1420422y sy
2 2902 222 ..
2" 8 "

Obtain:

1 *1+5x+25z2+125z3+---
1,571_ 2 4 8

(3) Multiply by 2.

Distribute:

s 3, 18, T5 o 35,
2" 1 _ B 2" 1 8 16

Final answer:

3z 3., 150 15 4,
= —x ——a5 —
2 — b5z 2 4 8 16

375
oty
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‘= Example - Manipulating geometric series: calculus

Find a power series that represents In(1 + z).
Solution
(1) Differentiate to obtain similarity to geometric sum formula.

Differentiate In(1 + z):

d1(1+ ) L >>
2 in - - -
dz v 1+z 1-—(-=z)

(2) Find power series of differentiated function.
Power series by modifying - with v = —a:

m:1—$+$2—$3+$4—"'

(3) Integrate series to find original function.

Integrate both sides:

1
/de:/l—m+m2—$3+x4—-~-dm

ln(1+w)=D+ccf%m2+§m37%m4+---
Use known point to solve for D:
In1+0)=D+0+0+--- >> 0=D
Final answer:
1 1 1
In(1 —p— 2 3 4.
n(l+z)== g2t g~ gt

:= Example - Recognizing and manipulating geometric series: Part I

o0 1
_1\n-1
(a) Evaluate nEZI( 1) o

(Hint: consider the series of In(1 — z).)

(b) Find a series approximation for In(2/3).
Solution

(@)

(1) We know the series of —:

— T
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Notice that [ = dz = In(1 — z) + C; this is the desired function when C' = 0.

Integrate the series term-by-term:

-1
/ dw:/—l—m—x2—~-~dac
l=g

z2 2
In(l—z)=D—z— — — = _...
>> In(l-—=z) z- 3
Solve for D using In(1 —0) =0,s00=D —0—0—--- and thus D = 0. So:
z? 2 X, z"
ln(l—m):—w—?—?—~-~ = "EZI—H

(2) Notice the formula:

The series formula 307 ; —Z; looks similar to the formula Yo (~1)" 1.

(3) Choose = = —1 to recreate the desired series:
We obtain equality by setting z = —1 because —(—1)" = (—1)"*! = (-1)1.

Final answer is In(1 — —1) =1n2.

(b)

Find a series approximation for In(2/3):
(1) Observe that In(2/3) = In(1 — 1/3).

Therefore we can use the seriesln(l —z) = -z — & — Z — ...

(2) Plug = = 1/3 into the series for In(1 — z).

Plug in and simplify:

In(2/3) = In(1—1/3) = ~1/3 - 2 /20

:= Example - Recognizing and manipulating geometric series: Part I1

(a) Find a series representing tan~'(z) using differentiation.

b) Find i ti .
(b) Find a series represen 1ng/ 1528

Solution
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(@
(1) Notice that 4Ltan'(z) = 1.
Obtain the series for ﬁ
T

Let u = —z2:

1 1 )

>> 1—a?+z*—28+28— ...

(2) Integrate the series for ﬁ by terms.

Set up the strategy. We know:

/ ! dz = tan"(z) + C

1+ z2
and:
1 2 4 _ 6 8
=l=g"Fad" =0’ =-coo
1+ z?
Integrate the series term-by-term:
>> /1—z2+z4—m6+m8—--~dm
s> Dro- S 4T _ 2T,
TR T
Conclude:
z8 x> 27
tan"!(z) +C=D+z— —+— — — +---
an~' () -3 5 7

(3) Solve for D — C by testing at tan~1(0) = 0.
Plug in:
tan '(0) = D-C+0+---+0
>>» D-C=0

. _ 3 5 7
Final answer: tan '(z) =z — & 4+ & — £ 4 ...

(b)

(1) Find a series representing the integrand.
. 1

Integrand is ——
1+

Rewrite integrand in format of geometric series sum:

15/16



Calculus Il - Lecture notes - W10

! >> ! >> L u=—g
1424 1—(—z%) 1—u’

Write the series:

1
——=1+u+u’+ud+-..

1—u
00
> 1—$4+$8—€E12+1‘16—"' :Z(—l)"$4n
n=0
(2) Integrate the series by terms:
5 9 13 17
TR SR S S Cip T 2 2t 2T
/ T4 A @ >> +x 5+9 13+17

16/ 16
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