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Interval of convergence

Find the radius and interval of convergence of the following series:

00 (IB—3)" b o] (_B)nmn
(a)n;—n ()Za—wml

Solution
00
(z—3)"
(@) ; ~
(1) Apply ratio test:
(:l} _ 3)n+1
n+1 n
_— >> -3
(@3 L
n
Therefore R = 1 and thus:
lt—3] <1 = converges

lt—3]>1 = diverges

Preliminary interval: z € (2,4).

(2) Check endpoints:

Check endpoint z = 2:

DL G
n=1

n=1
>> converges by AST

Check endpoint z = 4:

= (4-3)" = 1
S Vi

n=1
>>  diverges as p-series

Final interval of convergence: z € [2,4)

= (-3
b A
¢ ); Vn+1

(1) Apply ratio test:
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(_3)n+1xn+1

Vnt2 I(=3)(=3)" vn+1
ey | > : i
(=3)"z vtz o [(=3)
vn+1
3V 1
Vn+2
Therefore:
|z] < = = converges

|| > = diverges

1 1
Preliminary interval: z € (—5, §>

(2) Check endpoints:

Check endpoint z = —1/3:

SETEIH

\/n+1

>>  diverges by LCT with b, = 1/v/n

Check endpoint z = +1/3:

DA

n=0 n+l n=0 \/TL+].

>> converges by AST

Final interval of convergence: z € (—1/3,1/3]
Interval of convergence - further examples

Find the interval of convergence of the following series.

@ M gy
n=0 n=1

gntl
Solution
@ > M
Ratio of terms:

n+1 3ntt n+1
g le 2l >

|z + 2|

Therefore R = 3 and the preliminary interval is z € (—5,1).

—3)"

3+1

Check endpoints: Z diverges and Z also diverges.
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Final interval is (—5,1).
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(4 +1)"

n

Y
n=1

Ratio of terms:

1
ntl el >> —2 |4zt

1 n+1

n
Therefore:

[dz+1] <1 <= |z+1/4<1/4 = converges
[dz+1|>1 <= |z+1/4>1/4 = diverges
Preliminary interval: z € (0,1/2)
_ (4- 5+ 1.
Check end ts: but —d .
eck endpoints Z - converges bu Z — diverges
Final interval of convergence: [—1/2,0)
Manipulating geometric series algebra
Find power series that represent the following functions:
1 1 z? 3z
b d
@i O 9o D
Solution
1
@ 7 e
(1) Rewrite in format 1.
Introduce double negative:
11
1+z 1—(-z)
Choose u = —z.
(2) Plug u = —z into geometric series.
Geometric series in u:
1+u+u?+ud+---
B)Pluginu = —z:
>> 1t (c2) (o) 4 (-2)
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(4) Simplify:

> l—z+az?—a+...

(5) Final answer:

1
1+2

=l-z4+z>—a>+--

1
1+ z2

()
(1) Rewrite in format .

Rewrite:

Choose u = —z2.

(2) Plug v = —2z? into geometric series.
Geometric series in u:
Ltu+u+u’ 4

Plug in u = —z%

> 14 (—22) + (—22)? + (—2?)3 + -

>>» 1-z?+zt -2+

(3) Final answer:

1
T+a =1-2+az*—2 ...
3
z
(© P
(1) Rewrite in format Az®- .
Rewrite:
z3 3 1
>> z’ s — >>
T+ 2 2+ 2(1+
1, 1 , 1
>> Sad— >z
2 143 1-(-%)
Choose u = —%. Here Az® = $z°.
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(2) Plug v = —z? into geometric series.
Geometric series in u:

I+ut+u?+ud+---

Pluginu = —%:
> 1+ (5 F (5 (5
>> 1 ! +1 2 54
2" %"
Obtain:
1 1 1
— =1——z+ a2 —23+
1-(-%) 2

(3) Multiply by +z°.

Distribute:
13 13 4,15 6
p— . >>>> — — —
23@ 17(7%) 29: 4m +8m 16z +
Final answer:
z? 13 1,4, 135 6
zr2 20 1 TET Tt
3x
d
@ 2—5x
(1) Rewrite in format Az - 1.
Rewrite:
3z S 3 1
2-5 R
1 1
>> 3x - = >> —x =
2(1-%) 1-5

Choose u = 22. Here Az = 3.

2) Plugu = 57“” into geometric series.
Geometric series in u:

l+ut+u?+ud+---

Plug in u = 3¢:

>> L (F)H(F)H(F)

>> 1+gw+2745m2+%m3+m
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Obtain:
1 5 25 125
=14+ = LOp2 4 2203y L
1_% +2ﬂc+4m+8z+

(3) Multiply by %z
Distribute:

3:v ! > 3w+15m2+75m3+375z4+

27 o= 2 4 8 16

Final answer:

3 3 15 5, 75 ;4
T+ ——a + -z +

_ 375 4
25z 2 4 8 16

A P

Recognizing and manipulating geometric series Part 1

> 1
Evaluat —-1)" =,
(a) Evaluate ;( ) -
(Hint: consider the series of In(1 — z).)
(b) Find a series approximation for In(2/3).
Solution

(a)

(1) We know the series of —L:

1-z°

-1

Notice that [ 7~ dz = In(1 — z) + C; this is the desired function when C = 0.

Integrate the series term-by-term:

-1
/ dz:/—l—m—m2—--~dm
l1-2z

2 z®
Inl-z)=D—2z— — — — —---
>>» In(l-=z) z— - 3
Solve for D using In(1 —0) =0,s00=D —0—0— --- and thus D = 0. So:
ZBZ £E3 ) "
ln(l—x):—d:—?—?—~-~ = ;_H

(2) Notice the formula:

The series formula } °° | —Z: looks similar to the formula »72° , (—1)" 'L

(3) Choose £ = —1 to recreate the desired series:
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We obtain equality by setting = —1 because —(—1)" = (—1)"*! = (-1)"1,

Final answer is In(1 — —1) = In2.

(b)
Find a series approximation for In(2/3):
(1) Observe that In(2/3) =In(1 — 1/3).

Therefore we can use the seriesIn(1 —z) = -z — 4§ — & — ..

(2) Plug z = 1/3 into the series for In(1 — z).

Plug in and simplify:

In(2/3) = In(1—1/3) = —1/3 — 2 _ 220

Recognizing and manipulating geometric series Part 11

(a) Find a series representing tan~—!(z) using differentiation.

dzx
1424

(b) Find a series representing /

Solution

(a)

1 d -1 _ 1
(1) Notice that -tan™'(z) = 7.

Obtain the series for ﬁ
T

Let u = —22:

1
T —

>> 1—x2+m4—z6+w8—-~-

(2) Integrate the series for lez by terms.

Set up the strategy. We know:

/ T Jj:cZ dz =tan"1(z) + C

and:

6 8

=1-2+z* -2 +2° -

1+ z2

718
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Integrate the series term-by-term:
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>> /1—x2+w4—x6+x8—-~-dm
3 5 g7
> Dte— "+ - +...
3 7
Conclude:
5 7
tanfl(m)+C=D+mf—+%f%

(3) Solve for D — C by testing at tan—1(0) = 0.

Plug in:

tan1(0) = D-C+0+---+0

\llii,

Final answer: tan'(z) =z — £ + & — £ 4 ...

>>» D-C=0

(b)

(1) Find a series representing the integrand.

Integrand is .
8 14zt

Rewrite integrand in format of geometric series sum:

1+ x4 >>

Write the series:

_r
— (—=z%)

>>

1
—— =1+utui 4

1—u

> l1-zt+a28—22 4210

— i(—l)nﬂ}Ml

n=0

(2) Integrate the series by terms:

/1_x4+x8_x12+m16__“dz

>>
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