1. Suppose a code must be created using 5 letters and 3 numerals. (There are 26 letters and 10
numerals.) Symbol order matters for codes.

(a) How many unique codes are possible if the 5 letters must come first and the 3 numerals last, and
symbols cannotbe repeated?

26P5 for the letters, 10P3 for the numbers. Multiply them.
26P5 * 10P3
= 7893600 * 720

= 5683392000

(b) How many unique codes are possible if any ordering pattern of 5 letters and 3 numerals is
permitted, and symbols cannotbe repeated?

Pick the 5 spots for the letters first, then repeat part (a)
8C5 * 26P5 * 10P3
=56 * 7893600 * 720

= 318269952000

(c) How many unique codes are possible if any ordering pattern of 5 letters and 3 numerals is
permitted, and symbols canbe repeated?

Pick the 5 spots for the letters first, then 2675 ways for the letters and
1073 ways for the numbers

56x26"5x10/3

= 665357056000

Page 2 of 14



2. Box A has 2 blue and 3 green marbles. Box B has 2 blue and 5 green marbles. You toss a biased coin
with P(head) = 2/3. If it lands heads, choose Box A; if tails, choose Box B. Then, you draw a marble
from the chosen box.

(a) What is the probability that a blue marble will be drawn?

P(blue)
2/5 blue
= P(blue & H) + P(blue & T)
H
2/3 = 4/15 + 2/21
3/5 green
=38/105
MT 2/7 blue =0.3619

5/7\ green

(b) If a blue marble is drawn, what is the probability that Box A was chosen?

P(H | blue) = P(blue & H) / P(blue)

= (4/15) / (38/105) = 14/19 = 0.7368
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3. Suppose a call center receives calls throughout the day at an average rate of 6 calls per hour
according to a Poisson process.

(a) What is the probability that there are no calls between 9:00 and 9:30 AM?

30 mins=0.5hours=a=3
X ~ Poisson (3)

P(X=0) = exp(-3)*(310)/0! = exp(-3) = 0.0498

(bl)1 ?What is the probability that the 14th call of the day comes in 20 minutes or less after the 11th
| 20 mins = 1/3 hours =>a =2
X ~ Poisson(2)
P(X>=3) =1 - P(X=0) - P(X=1) - P(X=2)
=1 - exp(-2) - exp(-2)*2 - exp(-2)*4/2
=1 -5"exp(-2)

= 0.3233
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4. The automatic opening device of a cargo parachute has been designed to open when the parachute
is 200m above ground. The opening altitude has a Normal distribution with a mean value of 200m
and standard deviation of 40m. Equipment damage will occur if the parachute opens at an altitude of
less than 100m.

(a) What is the probability that there is equipment damage to the payload of a parachute?

X ~ N(200, 40)
P(X<100) = P(Z < -100/40) = P(Z < -2.5)

=1-0.99379 = 0.0062

(b) If 100 cargo parachutes are dropped, find the probability that more than one parachute will open
at 100m or less, leading to damaged cargo.

Y ~ Bin(100, 0.0062)
P(Y > 1) =1- P(Y:O) - P(Y=1)
=1-0.0062"0*0.99382100 - 100 * 0.0062*0.9938"99

= 0.1281
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5. In a digital transmission, the probability that a bit has high, moderate, and low distortion is 0.01,
0.03, and 0.96 respectively. Suppose that 2 bits are transmitted and that the distortion of each bit is
independent of the other. Let Xand Y denote the number of bits with high and moderate distortion,

respectively, out of the 2 transmitted bits.

a) Find Py y(x, y), the joint PMF.
R 0.96° = 0.9216
0.96°0.03 (2ways) = 0.0576

0.96-0.0(- (2ways) = 0.0192

X0 l 2
ol 0.9216 | 0.0192 | 000/ | 0.9409

| | 00576 | 0ooos O 0. 0Ssg2

2 | 091 0 0 ©.000Y
©.9801 0.019% 0000

poav)

(b) Find %) (y), the exact minimal mean-square error estimate of X given Y =( |

Ply=1] = 0.0s¢2 = R (1)

E[XIY=1] = O_PXW (0,1) + l-wa(L)) + 2-R,,/2,1)

0.0006
O - 20s%. | 2 ooss

1]

0.0103|

]
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OrR

(c) Find X, (), the /inearminimal mean-square error estimator function for X given Y.

. Cov[xv]
X (Y) = V] ( My ) v Mx N0 l 2
\/ o | 0.9116 0.0192 | 0.000)
M = 00148 + 2 -0o000) | | 0os?26| 00006 | ©
= 002 2 | ©oms 0 0
P 0.980) 0.019% 0.000)
My = 0.019% + 200009 X
= 0.06
Elx¥y] = 0.0006
E(v*] = 1'0.0582 + 4.0.0009
= 0.06I&
Var[¥1 = 0.0618 -0.06°
= 0.058&2
Coy K1) = 0.0006 — (0.02)(0.06)
= —-0.0006
Cov (ko — -0.0008  _ 0010
Var 71 0.05%2 ' !

X, (V)

p—
—_—

—

~0.01031 (v— 0.0¢) + 0.02
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6. Darts are thrown at a triangular dart board and are guaranteed to land somewhere on the board.
Let (X ¥) be the coordinates (as random variables) of the landing point, and 0 < 2y < x < 1. So the
three vertices of the dart board are (0, 0), (1, 0) and (1, 0.5).

(a) Suppose the joint PDF of Xand Yis given by:

0<2y<x<1

_(c
Fry (6, y) = { 0 otherwise

What is the value of c?

(b) AreXand Y i|ndependent? (Justify your answer.)

2 x Lx
J; = Yoy = Wﬂ = 21X for 04t
X (o]

J=0

] ]
L= gwx = x| = Y-py f. 0tyed

29
x= 1Y

J;X.-Fy * H r\o+ iAolepena/e/ﬂL

/A(H‘ef/\ml;ve: 1[:{7 = Cans‘&/ﬂL ;'V\ﬁp aboul X

?

Sives MA ho
6M7L §I/lq,0€ i< rzo‘/‘ about Y
€9.
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(c) It happens that your chance of winning a prize improves as the landing point approaches the
upper-right corner (x = 1, y = 0.5) of the triangle. Find the PDF of W = max(X Y).

(The max function picks the larger of the two values x and y, and assigns it to w.)

Meteed 1
o) = POxEw AV Y o] 2
w 5 y- :
X=o Y=0 area = t}—;‘
=L
w W ] 1
— X ox = X ,0 = w L,.— oLtw ¢
x=0
2 W w e (o]

p

LY = K

MTus .?W = jf)( = 2x elc
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7. Let the continuous RV Xrepresent the weight of a newborn baby in pounds. We can assume that
P(X < 0)=0and P(X < 20)= 1. Let F(x) be the CDF and f{x) the PDF of X. Which of the following
conclusions are NOT justifiable with the information given? (Circle all such statements.)

(@  Fx)=0forall x<0. C and F are NOT justifiable.

()  F)=1forall x= 20, Everything else is good.

(0 The area under the graph of F(x)between x=0 and x= 20 is 1.
(d) F(x)is anon-decreasing function between x= 0 and x = 20.
(e) No portion of the graph of f{x) can lie below the x-axis.

® The height of f{x) cannot exceed 1 between x= 0 and x= 20.

8. A company sells cars at an average price of $24,550 with standard deviation $158 but an unknown
distribution. Determine which of the following probabilities can be approximately computed by
applying the Central Limit Theorem. (Circle all correct items.)

B and C are correct, A is not.
(a) The probability that a randomly selected car will sell for more than $25,000.

(b) The probability that a randomly selected shipment of 100 cars from this company sells for
less than a total of $2,500,000.

(© The probability that the average car price in a randomly selected shipment of 100 cars will
be less than $25,000.
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9. You roll a fair die 200 times and count the total number of times you get a six. What is the
probability that you will get 35 or more sixes?

(Hint: You may consider using the Central Limit Theorem. You should use the De Moivre-Laplace
Continuity Correction Formula / Refined Approximation Method if appropriate.)

K ~ Bin(200, 1/6)

E(K) =np =100/3
V(K) = np(1-p) = 500/18 = 250/9

K ~ N with mean = 100/3 and variance = 250/9 using CLT
P(K >=35)

= P(K > 34.5) with the approximation method
=P(Z>0.22)

=1-P(Z<0.22)

=1-0.5871

=0.4129
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10. You roll a fair die. Let &/ denote the number rolled (N = 1, 2, 3, 4 5, 6). Now toss a fair coin &/

times. Let Sbe the number of heads observed.

Whatis E(S)?
Me‘b\o(‘j i
Efs] = ELELsIN]]
3 n==56
2.5 n=_5
2 n="4 .
ELSIN=n] LS n=3 = 3
J n=2
0.S n=I
clsin] =& E(sT= <En] z -7
Metiood 2 6
E(s]= 2 sPLs=1]
1=0
R(o)= b (¥-5tene)
P = g (F-2+3g e sh ok

PS/L)=‘3(0+¢+Z§+%+/§ é+/f/6+{/
R =T (om0t enib e (5180 (9
R =g (ovonoes L, (8) &
Ps[g/: '(J;‘/O+O+O+O+ 621—,1)

Ps/é) = ‘jé‘/0+0+o+o+ 21;
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11. A signal of strength X is emitted by one of two beacons, Hy or H;. The sample space of Xis [0,1].
The CDF of X, conditioned on the emitting beacon, is:

Fyipo(x) =1—-(1-x)3, 0<x<1
Fyjpa(x) = x3, 0<x<1

The prior probability of beacon H, being activated is 0.20. Assuming that we want to minimize the
total probability of error, choose a hypothesis test type, and state the decision rule clearly indicating
the decision threshold and the two acceptance sets.

f(XIHO) = 3(1-x)"2, 0 <= x <=1
f(XIH1) =3x"2,0<=x<=1

P(HO) = 0.2, P(H1) =0.8

MAP test:

x belongs to AQ if f(XIHO)*P(HO) >= f(XIH1)*P(H1)
or, if 3(1-x)"2*0.2 >= 3*x"2*0.8

or, if (1-x)"2 >=4*x"2

or, if 1 - x >=2x

or, if x<=1/3

A0/ accept HO if x <= 1/3
A1/ accept H1 otherwise
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Use this page if you need extra space for a problem. Make a note on that page; otherwise work on this
page will not be graded.
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