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Functions on two random variables

Suppose W = ¢g(X,Y) and X,Y are discrete RVs.

The PMF of W:
Py (w) = Z Pxy(z,y)

(2.) st
9(z.y)=w

Suppose W = ¢g(X,Y) and X,Y are continuous RVs, and g is a continuous function.

The CDF of W:

Fy(w) = PW <w| = / fxy(z,y) dzdy

g(z,y)<w

One can then compute the PDF of W by differentiation:

d
fw(w) = %Fw(w)
:= Example - PDF of a quotient
Suppose the joint PDF of X and Y is given by:
_ [Auem o) gy >0
fX’Y(x’y) a {O otherwise

Find the PDF of W =Y/ X.
Solution

(1) Find the CDF using logic:

Y=wX

Y<wX

Convert to event form:


af://h1-0
af://h2-1
af://h3-2
af://h3-4
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Fw(w) = P[Y/X < w)
> PY <wX]

Integrate over this region:

o0 wr
Py<ex) = [7 [T porendyde
0 0
>> / )\eﬂz/ pe " dydz
0 0

o0
>> / e (—e"“”z —+ 1)dz
0

A
>> 1-—
A+ pw
(2) Differentiate to find PDF:
Compute %Fw(w):
Al
>0
5 >
Fw(w) (A + pw)
0 otherwise
2! Exercise - PMF of XY ? from chart
Suppose the joint PMF of X and Y is given by this chart:
Y X | 1 2

-1 0.2 0.2

0 0.35 | 0.1

1 0.05 0.1
Define W = XY2.
(a) Find the PMF Py (w).
(b) Find the expectation E[W].
:= Example - Max and Min from joint PDF
Suppose the joint PDF of X and Y is given by:

3.2 2
— 7(50 +y) ZL‘,yE[O,H
fxr(@,y) { 0 otherwise

Find the PDF's:
(a) W = Max(X,Y)
(b) W = Min(X,Y)

Solution
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()
(1) Compute CDF of W:

Convert to event form:

Fw(w) = P[Max(X,Y) <w)
>> P[X<wandY < ]

Integrate PDF over the region, assuming w € [0, 1]:

/,: /:; fxy(@,y) dzdy

w w
> //%(m2+y2)dmdy >> !
0 0

(2) Differentiate to find fi(w):

fw = 4 Fw(w):

_ 4w we|0,1]
fw(w) = {0 otherwise

(b)
(1) Compute CDF of W:
Convert to event form:
Fy(w) = P[Min(X,Y) < ]
>> 1-P[Min(X,Y) > w]
>>» 1-PX>wandY > w

Integrate PDF over the region:
1,1
PX>wandY >w >> / / 2 (2* +y?) dedy
w w

4

>s> wiow-w+1

Therefore:

Fy(w) = w+w® —w

(2) Differentiate to find fi(w):
fw = 45 Fw(w):

_ 1+ 3w? —4w® welo,l]
fwlw) = {0 otherwise
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