W09 Notes

Functions on two random variables

discrete
Suppose W = ¢g(X,Y) and X,Y are discrete RVs.

The PMF of W:

Py (w) = Z Pxy(z,y)
(z) st

9(z.y)=w

continuous
Suppose W = ¢g(X,Y) and X,Y are continuous RVs, and g is a continuous function.

The CDF of W:

Fy(w) = PW <w] = / Py () dedy

9(zy)<w

If desired, one can then compute the PDF of W by differentiating this CDF:

furtw) = - Fu(w)

Z! Exercise - PMF of XY ? from chart

Suppose the joint PMF of X and Y is given by this chart:

YIX—>| 1 %
-1 02 | 02
0 0.35 | 0.1
1 0.05 | 0.1

Define W = XY 2.
() Find the PMF Py (w).

(b) Find the expectation E[W].

‘= Example - Max and Min from joint PDF


af://h1-0
af://h2-1
af://h3-2
af://h3-4

Suppose the joint PDF of X and Y is given by:

arte) = {370 Syl
Find the PDF of (a) W = Max(X,Y), and of (b) W = Min(X,Y).
Solution
(@

(1) Compute CDF of W:

Convert to event form:

Fy(w) = P[Max(X,Y) < w|

>> P[XSwandYSw]

Integrate PDF over the region, assuming w € [0, 1]:

/jo /,: Fxy(@,y) de dy

w w
>> /0/0%(w2+yz)da:dy > w

(2) Differentiate to find fi(w):

_ J4w? we|0,1]
fwlw) = {0 otherwise

(b)
(1) Compute CDF of W:
Convert to event form:
Fy(w) = P[Min(X,Y) < w]
>> 1-P[Min(X,Y) > w]
>>» 1-PX>wandY > v

Integrate PDF over the region:
1,1
PX>wandY >w] >> / / 3(2® +y?)dzdy
w w
>>» w—wl-w+l

Therefore:

Fy(w) = —w*+wd+w



(2) Differentiate to find fw(w):
fw = 45 Fw(w):

fi(w) = —4w®+ 3w’ +1 wel0,1]
W ~ 10 otherwise

:= Example - PDF of a sum

Suppose X is an RV with density:

fx = 2¢ z€(0,1]
X = 10 otherwise
Suppose Y is uniform on [0, 1] and independent of X.

Find the PDF of X + Y. Sketch the graph of this PDF.

Solution

(1) Write the CDF of W = X +Y as a double integral:
Fy(w) = PIX+Y <w|] = // fxydzdy
Tty <w

The joint density on the unit square z € [0,1], y € [0,1] is:
fxy >> fx-fr >> 2z-1 >> 2

There is positive density in the region z + y < w only for z < w (otherwise y < 0).

When w € [0, 1], there is positive density in the region (only) when y < w — z.

When w € [1, 2], there is positive density in the region whenever y < 1.

(2) Evaluate Fy (w) for w € [0, 1]:

Herez € [0,w]andw—z <1,s0y € [0, w — z|.

Fy(w) :/0 /0 2z dydz

@ w
>> / 2z(w—z)dz >> [wmz — 279”3}
0 0

5 2w w3
> whe — > —
3 3
Differentiate:
d w3 2
fW(w) = _dw T >> w

(3) Evaluate Fy (w) for w € [1,2]:



Now z ranges over [0, 1]. Split by whether the y-bound is 1 or w — z:

ze0,w—1:w—z>1s0y€[0,1]
zew—-11iw—z<1soye0,w—z

w—1 pl 1 w—z
Fy(w) :/0 /02mdyd:c+/ 1/0 2z dydz

w—1 1
>> / 2xdx + / 2z(w — z)dz
0 w—1

>> @=1+ (- 4) - (w12 - 252)

SO P S
3 3
(4) Differentiate for the final PDF:
d 1 1
fw(w) = o (—§x3 +w? — 5) >> w4+ 2w
Therefore:
w? w € [0,1]
fxiv(w) = §—w?+2w we|l,2]
0 otherwise

Convolution

Suppose the joint PDF of X and Y is given by:

_ e O g oy >0
fX,Y(W,y) = {0 otherwise

Find the PDF of W = g(X,Y) for g(X,Y) =Y /X.
Solution

(1) Find the CDF using logic:

Fy(w) = PlY/X < w)

>> PlY <wX]



Y=wX

Y<wX

Integrate over this region:

o0 wr
P <ux) = [ [ ferle) dye
0 0
>> / )\ef)‘”/ ue M dydz
0 0

(o]
>> / Ae N (—e*’“” + 1)dm
0

A
> 11— ———
A+ pw
(2) Differentiate to find PDF:
Compute %Fw(w):
A
[—“2 w>0
fw(w) = At )
0 otherwise

Recall that in a Poisson process:

X ~ Exp(A) measures continuous wait time until one arrival

Zth

X ~ Erlang(¢, \) measures continuous wait time until £ arrival

Since the wait times between arrivals are independent, we expect that the sum of exponential distributions
is an Erlang distribution. This is true!

Erlang sum rule
Specify a given Poisson process with arrival rate A. Suppose that:

X ~ Erlang(r,A) foranyr =1, 2, 3, ...
Y ~ Erlang(s,\) or any s =1, 2, 3, ...
X and Y are independent

Then:


af://h3-9

X+Y ~ Erlang(r+s,)

Recall that Erlang(1,A) ~ Exp(]A).

So we could say:
“Exp(A) + Exp(A) ~ Erlang(2,\)”
And:

“Exp(A) + Erlang(¢,\) ~ Erlang(¢ + 1, \)”

04 Illustration

:= Example - Exp plus Exp equals Erlang

Let us verify this formula by direct calculation:

“Exp(A) + Exp(A) ~ Erlang(2,\)”
Solution
Let X, Y ~ Exp(A) be independent RVs, and let W =X +Y.
Therefore:

fxy(@y) = Ae ™ Ae™ = MW 3>0,y>0

(1) Write the CDF as a double integral over the region z >0, y > 0, z +y < w:

For w > 0, the region is z € [0,w], y € [0, w — z].

Fyy(w) =/ / A2e= M) dy de
o Jo

(2) Evaluate the inner integral:

w—T
/ MNe ey > )\267)@[—%67)@];”7:5
0

>3 Ae (1 - e M)

> AMe M —e)

(3) Evaluate the outer integral:


af://h3-11

(4) Differentiate for the PDF:

D

This is the Erlang(2, ) density function:

Z: Exercise - Erlang induction step

Derive the formula:
“Exp(A) + Erlang(4,\) ~ Erlang({+ 1,))”

Observation: By repeatedly applying the above formula, we see that:

£ terms

“Exp(A) + - - - + Exp(A) ~ Erlang(¢,\)”
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